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Exchange of optical vortices using an electromagnetically induced transparency based
four-wave mixing setup
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We propose a scheme to exchange optical vortices of slow light using the phenomenon of elec-
tromagnetically induced transparency (EIT) in a four-level double-Λ atom-light coupling scheme
illuminated by a pair of probe fields as well as two control fields of larger intensity. We study the
light-matter interaction under the situation where one control field carries an optical vortex, and
another control field has no vortex. We show that the orbital angular momentum (OAM) of the vor-
tex control beam can be transferred to a generated probe field through a four-wave mixing (FWM)
process and without switching on and off of the control fields. Such a mechanism of OAM transfer is
much simpler than in a double-tripod scheme in which the exchange of vortices is possible only when
two control fields carry optical vortices of opposite helicity. The losses appearing during such OAM
exchange are then calculated. It is found that the one-photon detuning plays an important role in
minimizing the losses. An approximate analytical expression is obtained for the optimal one-photon
detuning for which the losses are minimum while the intensity of generated probe field is maximum.
The influence of phase mismatch on the exchange of optical vortices is also investigated. We show
that in presence of phase mismatch the exchange of optical vortices can still be efficient.
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2I. INTRODUCTION
With the recent progress in quantum optics and laser physics, a significant attention has been drawn to novel
approaches [1, 2] which enable coherent control of interaction between radiation and matter. A promising and flexible
technique to manipulating pulse propagation characteristics in atomic structures involves the quantum interference
and coherence [3–8]. It turns out that the quantum interference between different excitation channels is the basic
mechanism for modifying optical response of the medium to the applied fields, allowing to control the optical properties
of the medium. A destructive quantum interference in an absorbing medium can suppress the absorption of the
medium. This effect has given the name Electromagnetically induced transparency (EIT) [3, 7, 8]. An EIT medium
can be very dispersive resulting in a slowly propagating beam of the electromagnetic radiation. The slow light [9–13],
forming due to the EIT can greatly enhance the atom-light interaction resulting in a number of distinctive optical
phenomena [14–20].
On the other hand, orbital angular momentum (OAM) of light provides additional possibilities in manipulating the
light propagation characteristics [21, 22]. The OAM also represents an extra degree of freedom in controlling the slow
light [10, 11, 23], which can be exploited in quantum computation and quantum information storage [24].
Most scenarios considered earlier deals with the three-level Λ-type level structure in which the incident probe field
has a vortex [25–29], yet the control beam does not carry OAM. If the control beam carries an OAM, the EIT is
destroyed resulting in the absorption losses at the vortex core. This is due to the zero intensity at the core of the
vortex beam. To avoid such losses, a four-level atom-light coupling tripod-type configuration [30–38] was suggested
with an extra control laser beam without an optical vortex [10]. The total intensity of the control lasers is then
nonzero at the vortex core of the first control laser thus avoiding the losses. It was shown that the OAM of the control
field can be transferred to the probe field in such a medium during switching off and on the control beams [10]. Later
a more complex double tripod (DT) scheme of the atom-light coupling with six laser fields was employed to transfer
of the vortex between the control and probe beams without switching off and on the control beams [23]. However,
the transfer of the optical vortex in the DT scheme takes place only when two control beams carry optical vortices of
opposite helicity. In this paper we consider a much simpler four-level double-Λ (DL) EIT scheme for the exchange of
optical vortices.
The DL atom–light coupling scheme has attracted a great deal of attention due to its important applications in
coherent control of pulse propagation characteristics [39–63]. All involved transitions in the DL scheme are excited by
laser radiation making a closed-loop phase sensitive coherent coupling scheme. It was shown that an interference of
excitation channels in such closed-loop systems results in a strong dependence of the atomic state on the relative phase
and the relative amplitudes of the applied fields [41]. As a result, the response of such a medium may be controlled
by the relative phase. Phase control of EIT in DL scheme has been investigated in details both theoretically [43] and
experimentally [47]. The EIT as well as light storing have been discussed in the case of two signal pulses propagating
in a four-level DL scheme [49]. Observation of interference between three-photon and one-photon excitations, and
phase control of light attenuation or transmission in a medium of four-level atoms in DL configuration was reported by
Kang et al. [51]. Moiseev and Ham have presented the two-color stationary light and quantum wavelength conversion
using double quantum coherence in a DL atomic structure [54]. All-optical image switching was demonstrated in a
DL system, with optical images generated by two independent laser sources [56]. It has been shown both analytically
and numerically that a DL scheme characterized by parametric amplification of cross-coupled probe and four-wave
mixing pulses, is an excellent medium for producing both slow and stored light [64].
In this paper we employ DL level structure in order to exchange of optical vortices between control and probe
fields. It is shown that the OAM of the control field can be transferred from the control field to a generated probe
field through a four-wave mixing (FWM) process and without switching on and off of the control fields. We calculate
the losses appearing during such vortex exchange and obtain an approximate analytical expression for the optimal
one-photon detuning for which the intensity of generated probe beam is maximum and the losses are minimum.
II. THEORETICAL MODEL AND FORMULATION
A. The double-Λ system
We shall analyze the light-matter interaction in an ensemble of atoms using a four-level double-Λ (DL) scheme
shown in Fig. 1. The atoms are characterized by two metastable ground states |g〉 and |s〉, as well as two excited
states |e1〉 and |e2〉. The scheme is based on a mixture of two EIT subsystems in Λ configuration. The first Λ
subsystem is formed by a weak probe field described by a Rabi frequency Ωp1 and a strong control field with a Rabi-
frequency Ωc1 . Another weak probe field with a Rabi frequency Ωp2 and a strong field with the Rabi-Frequency Ωc2
build the second Λ subsystem. For each EIT subsystem, the strong laser fields Ωc1 and Ωc2 control the propagation
3FIG. 1. Schematic diagram of the four-level Double-Λ (DL) quantum system.
of probe fields Ωp1and Ωp2 through the medium inducing a transparency for the resonant probe beams due to the
destructive quantum interference [54]. We consider the situation when all the light beams are co-propagating in
the same direction. All involved transitions are then excited by laser radiation making a closed-loop phase sensitive
coherent coupling scheme described by the Hamiltonian (~ = 1)
HDL = −Ωp1 |e1〉〈g| − Ωp2 |e2〉〈g| − Ωc1 |e1〉〈s| − Ωc2 |e2〉〈s|+H.c. . (1)
Obviously, the whole DL atom-light coupling scheme then includes two FWM pathways |g〉 → |e2〉 → |s〉 → |e1〉 → |g〉
generating the first probe beam and |g〉 → |e1〉 → |s〉 → |e2〉 → |g〉 creating the second probe beam.
B. Maxwell-Bloch equations
Now we begin to derive the basic equations describing the interaction between optical fields and DL atoms. We shall
neglect the atomic center-of-mass motion. We assume that both probe fields Ωp1and Ωp2 are much weaker than the
control fields Ωc1 and Ωc2 . As a result, all the atoms remain in the ground state |g〉 and one can treat the contribution
of the probe fields as a perturbation in the derivation of the following equations:
ρ˙e1g =−
γe1
2
ρe1g +
i
2
Ωc1ρsg +
i
2
Ωp1 , (2)
ρ˙e2g =
(
iδ − γe2
2
)
ρe2g +
i
2
Ωc2ρsg +
i
2
Ωp2 , (3)
ρ˙sg =
i
2
Ω∗c1ρe1g +
i
2
Ω∗c2ρe2g , (4)
and
∂Ωp1
∂z
+ c−1
∂Ωp1
∂t
= i
αp1γe1
2L
ρe1g , (5)
∂Ωp2
∂z
+ c−1
∂Ωp2
∂t
= i
αp2γe2
2L
ρe2g , (6)
where ρu,v are the matrix elements of the density matrix operator ρ =
∑
u,v |u〉ρuv〈v|, γe1 and γe2 represent the total
decay rates from the excited states |e1〉 and |e2〉, αp1 and αp2 denote the optical depth of first and second probe fields,
L describes the optical length of the medium, and δ = ωd−ω24 is the detuning of the driving transition, where ωd and
ωse2 are the frequencies of driving field and the |s〉 ↔ |e2〉 transition. It should be noted that the diffraction terms
containing the transverse derivatives ∇2⊥Ωp1and ∇2⊥Ωp2 have been neglected in the Maxwell equations (5) and (6).
These terms are negligible if the phase change of the probe fields due to these terms are much smaller than pi. One
can estimate them as ∇2⊥Ωp1(2) ∼ w−2Ωp1(2) , where w indicates a characteristic transverse dimension of the probe
beams (representing a width of the vortex core if the probe beam carries an optical vortex, or a characteristic width
of the beam if the probe beam has no optical vortex). The temporal change of the probe field can be approximated
as
∂Ωp1(2)
∂t ∼ cL−1∆Ωp1(2) , where ∆Ωp1(2) is the change of the field and L shows the length of the atomic sample.
4Therefore, the change of the phase due to the diffraction term could be L/2kw2, where k = diag(k1, k2) is a diagonal
2 × 2 matrix of the wave vectors of the probe field, with ki = ωi/c being the central wave vector of the ith probe
beam. The latter can be neglected when the sample length L is not too large, Lλ/w2 ≪ 1. Taking the length of the
atomic cloud L = 100µm, the characteristic transverse dimension of the probe beam w = 20µm and the wavelength
λ = 1µm, we obtain Lλ/w2 = 0.25. Therefore we can drop out the diffraction term, yielding Eqs. (5) and (6).
III. ANALYTICAL SOLUTIONS FOR TWO PROBE BEAMS PROPAGATION
We consider the situation when envelopes of all interacting pulses are long and flat. Thus, except for a short transient
period, the envelopes can be assumed to be constant most of the time. Hence one can consider the steady state of the
fields by dropping the time derivatives in the equations. To simplify the discussion, let us take αp1 = αp2 = α and
γe1 = γe2 = Γ. Using Eqs. (2)–(4), one then arrives at the simple analytical expressions for the steady-state solutions
of ρe1g and ρe2g
ρe1g =
Ωp2Ωc1Ω
∗
c2 − Ωp1 |Ωc2 |2
2δ|Ωc1 |2 + iΓ|Ω|2
, (7)
ρe2g =
Ωp1Ωc2Ω
∗
c1 − Ωp2 |Ωc1 |2
2δ|Ωc1 |2 + iΓ|Ω|2
, (8)
where
|Ω|2 = |Ωc1 |2 + |Ωc2 |2 (9)
is the total Rabi-frequency of the control fields. If the second probe field is zero Ωp2(0) = 0 at the entrance (z = 0),
substituting Eqs. (7) and (8) into the Maxwell equations (5) and (6) results in
Ωp1(z) =
Ωp1(0)
|Ω|2
(
|Ωc1 |2 + |Ωc2 |2 exp
(
−i αz
2Ld
))
, (10)
Ωp2(z) =
Ωp1(0)
|Ω|2 Ω
∗
c1Ωc2
(
1− exp
(
−i αz
2Ld
))
, (11)
with d = i+ 2|Ωc1 |2δ/(Γ|Ω|2), where Ωp1(0) represents the incident first probe beam.
IV. EXCHANGE OF OPTICAL VORTICES
Let us allow the one of the control field photons to have an orbital angular momentum ~l along the propagation
axis z [21]. In that case the second control field Ωc2 is characterized by the Rabi-frequency
Ωc2 = |Ωc2 | exp(ilΦ), (12)
where Φ is the azimuthal angle. For a Laguerre-Gaussian (LG) doughnut beam we may write
|Ωc2 | = εc2
( r
w
)|l|
exp
(
− r
2
w2
)
, (13)
where r represents the distance from the vortex core (cylindrical radius), w denotes the beam waist parameter, and
εc2 is the strength of the vortex beam. The Rabi-frequency of the first control field does not have a vortex and is
given by
Ωc1 = |Ωc1 | . (14)
Substituting Eqs. (12)-(14) into Eqs. (10) and (11), we obtain
Ωp1(z) =Ωp1(0)
(
|Ωc1 |2 + ε2c2
(
r
w
)2|l|
exp
(
−
(
2 r
2
w2 + i
αz
2Ld
)))
|Ωc1 |2 + ε2c2
(
r
w
)2|l|
exp
(−2 r2w2 ) , (15)
Ωp2(z) =Ωp1(0)
( r
w
)|l|
exp(ilΦ)
|Ωc1 |εc2 exp
(
− r2w2
) (
1− exp (−i αz2Ld))
|Ωc1 |2 + ε2c2
(
r
w
)2|l|
exp
(−2 r2w2 ) . (16)
5FIG. 2. Transfer of OAM from the control field Ωc2 to the second generated probe field Ωp2 .
In this way, the second probe field Ωp2 ∼ exp(ilΦ) is generated with the the same vorticity as the control field
Ωc2 ∼ exp(ilΦ), as illustrated in Fig. 2. Also, an extra factor ∝ r|l| in Eq. (16) indicates that in the vicinity of the
vortex core the generated probe beam looks like a LG doughnut beam, with the intensity going to zero for r → 0.
Note that due to the presence of a non-vortex control beam Ωc1 , the total intensity of the control lasers is not zero at
the vortex core, preventing the absorption losses.
The intensity distributions and the corresponding helical phase pattern of the generated second probe vortex beam
Ωp2 are shown in Fig. 3 for different topological charge numbers and under the resonance condition δ = 0. When
l = 1, a doughnut intensity profile is observed with a dark hollow center (Fig. 3 (a)). The phase pattern corresponding
to this case is plotted in Fig. 3(b). One can see that the phase jumps from 0 to 2pi around the singularity point.
When the OAM number l increases to larger number l = 2 (l = 3), the dark hollow center is increased in size as
shown in Fig. 3(c) (Fig. 3(e)), while the phase jumps from 0 to 4pi (6pi) around the singularity point, as can be seen
in Fig. 3(d) (Fig. 3(f)).
V. ESTIMATION OF LOSSES
At the beginning of the atomic medium where the first probe beam Ωp1 has just entered, the second probe beam
has not yet been generated (Ωp2(0) = 0), so it is not yet driving the transition |g〉 ↔ |e2〉. In this situation, the
four-level DL level scheme reduces to an N -type atom-light coupling scheme for which a strong absorption is expected
[65]. Going deeper into the atomic medium, the second probe beam is created (see Eq. (16)), resulting in reduction
of absorption losses. Yet the losses by absorption are nonzero. It has been shown that the non-degenerate forward
FWM in the DL medium can generate strong quantum correlations between twin beams of light in the DL level
structure which minimizes the absorption losses [61]. The amount of phase mismatch in the DL system has been also
demonstrated to play an important role to achieve the physical situations in which these losses are minimal [62]. In
what fallows we will estimate such energy losses, aiming at reaching an optimum condition when the efficiency of the
generated probe field is maximum whereas the losses are minimum. Substituting Eqs. (15) and (16) into Eqs. (7) and
(8), one gets
ρe1g =
−Ωp1(0)
iΓ
(
|Ωc1 |2 + ε2c2
(
r
w
)2|l|
exp
(−2 r2w2 ))+ 2δ|Ωc1 |2 ε
2
c2
( r
w
)2|l|
exp
(
−
(
2
r2
w2
+ i
αz
2Ld
))
, (17)
ρe2g =
Ωp1(0)
iΓ
(
|Ωc1 |2 + ε2c2
(
r
w
)2|l|
exp
(−2 r2w2 ))+ 2δ|Ωc1 |2 |Ωc1 |εc2
( r
w
)|l|
exp
(
−
(
r2
w2
+ i
αz
2Ld
))
exp(ilΦ). (18)
The density matrix elements ρe1g and ρe2g generally describe the amplitudes of the excited states |e1〉 and |e2〉,
respectively. Therefore Eqs. (17) and (18) represent the occupation of excited states inside the medium. It is seen
that the losses appear mostly at the beginning of the medium, when going through the medium the losses reduce. In
addition, when r→ 0 both Eqs. (17) and (18) are zero indicating that at the vortex core we have no losses. However,
away from the vortex core, these equations indicate that the excited states |e1〉 and |e2〉 are occupied resulting in
absorption losses. Also it follows from Eqs. (17) and (18) that the one-photon detuning δ plays a critical role in
6FIG. 3. Intensity distributions (a, c, e) in arbitrary units as well as the corresponding helical phase patterns (b, d, f) of the
generated second probe vortex beam Ωp2 with different OAM numbers l = 1 (a, b), l = 2 (c, d) and l = 3 (e, f). Here the
parameters are |Ωc1 | = εc2 = Γ, δ = 0, Ωp1(0) = 0.1Γ, z = L and α = 100. The position is plotted in dimensionless units.
reducing the losses. For the detuning much larger than Γ the denominator of Eqs. (17) and (18) becomes very large
making negligible occupation of excited states and giving rise to very small losses. However, a large detuning alone
may make creation of second probe field less efficient, as indicated by Eq. (16). The latter equation demonstrates that
the FWM efficiency can be enhanced by increasing the optical density α . One can conclude that the large detuning
requires larger optical density α. Yet the optical density α of the atomic cloud is constrained due to neglecting the
diffraction terms in the wave equations (5) and (6) [23]. Since the optical density α is proportional to the medium
length L and the number density of atoms n, the restrictions on the length of the medium limits also the optical
density.
It appears that for a given optical density α there is an optimal value of one-photon detuning δ for which the
intensity of second probe field |Ωp2 |2 is the maximum. In the following we calculate an analytical expression for
optimal δ. From Eq. (11), it is straightforward to obtain the expression for the real-valued quantity |Ωp2 |2
|Ωp2 |2 = |β|2
[
1 + exp
( −2x
1 + y2δ2
)
− 2 cos yδx
1 + y2δ2
exp
( −x
1 + y2δ2
)]
, (19)
where |β|2 = |Ωp1(0)|
2
|Ω|4 |Ωc1 |2|Ωc2 |2, x = αz/2L, and y = 2|Ωc1 |2/Γ|Ω|2. Calculating the derivative of Eq. (19) with
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FIG. 4. Dependence of the dimensionless quantity |Ωc2 |/|Ωc1 | given in Eq. (13) on the dimensionless distance from the vortex
core r/w when |Ωc1 | = εc2 = Γ and for different l numbers.
respect to δ we get
∂|Ωp2 |2
∂δ
=
2xy|β|2 exp
(
−2x
1+y2δ2
)(
2yδ + exp
(
x
1+y2δ2
)(
−2yδ cos
(
xyδ
1+y2δ2
)
+ (1 − y2δ2) sin
(
xyδ
1+y2δ2
)))
(1 + y2δ2)2
. (20)
The optimal detuning δ is found when
2yδ + exp
(
x
1 + y2δ2
)(
−2yδ cos
(
xyδ
1 + y2δ2
)
+ (1− y2δ2) sin
(
xyδ
1 + y2δ2
))
= 0 . (21)
Assuming that δ is sufficiently large (δ ≫ Γ), we can expand Eq. (21) into Taylor series, yielding
δ ≈ ± 1√
6
x
y
, (22)
or, in terms of the physical quantities,
δ ≈ ± zΓ|Ω|
2
4
√
6L|Ωc1|2
α. (23)
Equation (23) provides the values for optimal δ for which the efficiency of generation of Ωp2 is the largest. According
to Eq. (23) the optimal δ increases linearly with the optical density α. Since Ωc2 represents an optical vortex, the ratio
|Ω|2/|Ωc1 |2 is not a constant and depends on r. In order to estimate an approximate value for the optimal detuning
δ we take the value of |Ω|2/|Ωc1|2 at the position r of the maximum of |Ωc2 |. The dependence of |Ωc2 |/|Ωc1 | on the
dimensionless distance from the vortex core r/w is plotted in Fig. 4 by using Eq. (13) and for different OAM numbers
l = 1, 2, 3. Subsequently the maximum of the quantity |Ωc2 |/|Ωc1| (|Ωc2 |max/|Ωc1|) and the calculated |Ω|2/|Ωc1|2 and
δ at |Ωc2 |max for different l numbers are given in Table I. One can see, for example, that the maximum of |Ωc2 |/|Ωc1 |
for l = 1 is about 0.42. In this case, |Ω|2/|Ωc1 |2 ≈ 1.17, yielding δ ≈ ±11.9Γ. This is an approximate value for the
one-photon detuning δ for which the intensity of second probe field |Ωp2 |2 carrying an optical vortex with l = 1 is the
largest, yet the losses are minimum.
The intensity distribution as well as the phase pattern profiles of the generated vortex beam described by Eq. 16
are plotted in Fig. 5 using Table I and for different OAM numbers l = 1, 2 and 3. As can be seen in Fig. 5 (a,
c, e), the intensity distributions are very similar to the patterns displayed for the resonance one-photon detuning δ
(Figs. 3(a,c,e)). As illustrated in Fig. 5 (b, d, f), the phase patterns are bended compared to the resonance case
(Figs. 3 (b, d, f)). When δ is nonzero, the term exp[−iαz/(2Ld)] in Eq. 16 modulates the phase patterns since it
contains |Ωc2 | which is not uniform in (x, y) resulting in bending of phase patterns.
8TABLE I. The calculated values for |Ωc2 |max/|Ωc1 |, |Ω|
2/|Ωc1 |
2 and Optimal δ for different OAM numbers.
l = 1 l = 2 l = 3
|Ωc2 |max/|Ωc1 | 0.42 0.36 0.4
|Ω|2/|Ωc1 |
2 1.17 1.13 1.16
Optimal δ ±11.9Γ ±11.53Γ ±11.83Γ
FIG. 5. Intensity distributions (a, c, e) in arbitrary units as well as corresponding helical phase patterns (b,d,f)) of the generated
second probe vortex beam Ωp2 with different OAM numbers l = 1 (a,b), l = 2 (c,d) and l = 3 (e,f). Here δ = 11.9Γ (a, b),
δ = 11.53Γ (c, d), δ = 11.83Γ (e, f) and the parameters are the same as Fig. 3. The position is plotted in dimensionless units.
VI. INFLUENCE OF PHASE MISMATCH
In this Section we will investigate the influence of phase mismatch on the exchange of optical vortices. In order to
include the effect of phase mismatch we need to add an additional term to the Eq. (6). We introduce the geometrical
phase mismatch
∆k = (kp1 − kc1 + kc2 − kp2) · eˆz, (24)
where eˆz is the unit vector along the z axis and kp1 , kp2 , kc1 and kc2 are the wave-vectors of the light beams. We
consider the situation when all the light beams are co-propagating in the same direction. Note, that the phase
9mismatch ∆k can be minimized by introducing a small angle between the propagation directions of the beams. For
example, in Ref. [67] the value of ∆kL = 0.6 has been achieved. In the case of non-zero ∆k instead of Eq. (6) we
have [66]
∂Ωp2
∂z
+ c−1
∂Ωp2
∂t
+ i∆kΩp2 = i
αγe2
2L
ρe2g . (25)
Substituting Eqs. (7) and (8) into the Maxwell equations (5) and (25) and for Ωp2(0) = 0 we get
Ωp1(z) =
1
s1 − s2 ((q1 − s2) exp(s1z) + (s1 − q1) exp(s2z))Ωp1(0), (26)
Ωp2(z) =
1
q2
s1 − q1
s1 − s2 ((q1 − s2) exp(s1z) + (s2 − q1) exp(s2z))Ωp1(0), (27)
where
q1 =
−iα
2Ld
|Ωc2 |2
|Ω|2 , (28)
q2 =
iα
2Ld
Ωc1Ω
∗
c2
|Ω|2 , (29)
and
s1 =
1
2
(
−( iα
2Ld
+ i∆k) +
√
(
iα
2Ld
+ i∆k)2 + 4(
α∆k
2Ld
|Ωc2 |2
|Ω|2 )
)
, (30)
s2 =
1
2
(
−( iα
2Ld
+ i∆k)−
√
(
iα
2Ld
+ i∆k)2 + 4(
α∆k
2Ld
|Ωc2 |2
|Ω|2 )
)
. (31)
One can show that when ∆k = 0, Eqs. (26) and (27) reduce to Eqs. (10) and (11). However, the analytical expressions
given in Eqs. (26) and (27) in presence of the phase mismatch ∆k are too complicated to see if the OAM of the control
field Ωc2 is transferred to the second generated probe beam Ωp2 . Hence, we follow the numerical approach to analyze
whether or not the exchange of optical vortices is possible.
When z = L and using Eqs. (12)–(14) and Eqs. (28)–(29) we can rewrite Eqs. (26) and (27) as
Ωp1(z = L) =
Ωp1(0)
S1 − S2

−

 iα
d
ε2c2
(
r
w
)2|l|
exp
(
−2 r2w2
)
|Ωc1 |2 + ε2c2
(
r
w
)2|l|
exp
(−2 r2w2 ) + S2

 exp(S1)
+

 iα
d
ε2c2
(
r
w
)2|l|
exp
(
−2 r2w2
)
|Ωc1 |2 + ε2c2
(
r
w
)2|l|
exp
(−2 r2w2 ) + S1

 exp(S2)

 , (32)
Ωp2(z = L) =
−iΩp1(0)
S1 − S2
[
S1d
(
|Ωc1 |2 + ε2c2
(
r
w
)2|l|
exp
(
−2 r2w2
))
+ iαε2c2
(
r
w
)2|l|
exp
(
−2 r2w2
)]
α|Ωc1 |εc2
(
r
w
)|l|
exp
(− r2w2 ) exp(−ilΦ)
×

S2 + iα
d
ε2c2
(
r
w
)2|l|
exp
(
−2 r2w2
)
|Ωc1 |2 + ε2c2
(
r
w
)2|l|
exp
(−2 r2w2 )

 (exp(S2)− exp(S1)), (33)
where
S1 =− ( iα
2d
+ i∆kL) +
√√√√( iα
2d
+ i∆kL
)2
+ 4
(
α∆kL
2d
ε2c2
(
r
w
)2|l|
exp
(−2 r2w2 )
|Ωc1 |2 + ε2c2
(
r
w
)2|l|
exp
(−2 r2w2 )
)
, (34)
S2 =− ( iα
2d
+ i∆kL)−
√√√√( iα
2d
+ i∆kL
)2
+ 4
(
α∆kL
2d
ε2c2
(
r
w
)2|l|
exp
(−2 r2w2 )
|Ωc1 |2 + ε2c2
(
r
w
)2|l|
exp
(−2 r2w2 )
)
. (35)
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FIG. 6. Helical phase patterns of the generated second probe vortex beam Ωp2 described by Eq. (33) for different OAM numbers
l = 1 (a,d), l = 2 (b,e) and l = 3 (c,f). Here ∆kL = 1 (a, b,c) and ∆kL = 10 (d,e,f) and the parameters are the same as Fig. 3.
The position is plotted in dimensionless units.
In Fig. 6, we plot the helical phase pattern of the generated probe beam Ωp2(z = L) for ∆kL = 1 (a, b,c) and
∆kL = 10 (d,e,f) and for different OAM numbers l = 1 (a,d), l = 2 (b,e) and l = 3 (c,f). The singularity point
appears obviously in phase patterns indicating that the exchange of optical vortices is done and hence, the second
probe beam Ωp2 has obtained the OAM of the control field Ωc2 in presence of the phase mismatch ∆k.
In order to inspect the influence of the phase mismatch on efficiency of OAM transfer, we plot in Fig. 7 the intensities
|Ωp1 |2/|Ωp1(0)|2 and |Ωp2 |2/|Ωp1(0)|2 in the whole range of distance r for different values of ∆kL. For small values of
∆kL, the influence of phase mismatch is not significant, yet they are seen to decrease the maximum amplitude of the
second generated probe beam for larger values of ∆kL.
VII. CONCLUDING REMARKS
We have considered propagation of slow light with the OAM in a four-level double-Λ scheme of atom-light coupling.
The medium is illuminated by a pair of probe fields of weaker intensity as well as two control fields with higher
intensity. One of the control fields is allowed to carry an OAM, while the second control field is a non vortex beam.
The intensity of one of the probe fields is zero at the entrance. The generated probe field acquires the same OAM
during the propagation. Yet the presence of a non-vortex control beam makes the total intensity of the control lasers
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FIG. 7. Dependence of the dimensionless quantities |Ωp1 |
2/|Ωp1 (0)|
2 (a) and |Ωp2 |
2/|Ωp1(0)|
2 (b) given in Eqs. (32) and (33)
on the dimensionless distance from the vortex core r/w for different values of ∆kL. Here, l = 1 and the parameters are the
same as Fig. 3.
not zero at the vortex core, preventing the absorption losses. As a result, the OAM of the control field can be
transferred from the control field to a second generated probe field through a FWM process and without switching
on and off of the control fields. Such a mechanism of OAM transfer is much simpler than the previously considered
double-tripod scheme where the exchange of vortices is possible only when two control fields carry optical vortices of
opposite helicity. The energy losses during such an OAM transfer is then calculated, and the analytical expression for
the approximate optimal one-photon detuning is obtained for which the efficiency of generated probe field is maximum
while the energy losses are minimal.
Such an EIT based FWM setup can be implemented experimentally for example using the 87Rb atoms to form a
DL level scheme. The ground level |g〉 can then correspond to the |5S1/2, F = 1,mF = 0〉 hyperfine state. The lower
state |s〉 can be attributed to the |5S1/2, F = 2,mF = 0〉 state, whereas we can choose the two excited states |e1〉 and
|e2〉 as: |e1〉 = |5P1/2, F = 2,mF = 1〉 and |e2〉 = |5P3/2, F = 2,mF = 1〉.
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